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Abstract The general relativistic symmetry of quantum electrodynamics (QED) pre-
dicts that the spin vorticity of electron contributes to the kinetic momentum of electron.
The canonical quantization of QED is performed by using new b-photon, f-electron,
and f¢-positron algebras. These algebras work for interacting particles and are useful
for nonperturbationally solving the dual Cauchy problems of QED.

Keywords Spin vorticity - General relativity - QED - b-Photon - f-Electron -
f¢-Positron

1 Introduction

Let us ask a simple but “odd” question: what is momentum of electron spin? “How
odd this question is” should be obvious since electron is considered a point particle
and spin is its internal degree of freedom and then spin is considered to have nothing
to do with momentum. On the contrary to this obvious common sense, we shall prove
that the spin vorticity of electron contributes to the kinetic momentum of electron.

The key idea is the general relativistic symmetry of QED (quantum electrodynam-
ics) [1,2]. QED is reformulated in a way that is covariant under general coordinate
transformation [3-5]. The consequence gives the right answer to the odd question
raised above.

In QED, every dynamical variable is given by the quantized g-number field operator
defined on the background Minkowski spacetime x* = (ct, X) with symbol on it,
e.g. F (x), distinct from countable c-number, e.g. F'(x) [1]. Surprisingly, it is not the
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velocity 35 (x)/0t but the vorticity rot 5 (x) of the spin vector field operator 5 (x) that

contributes to the kinetic momentum operator ﬁ(x) under the covariant symmetry of
the general coordinate transformation (with factor 1/2; see Eq. (2.21) in Sect. 2.3).
In Sect. 2, we shall first quickly review our preceding publications on general
relativistic symmetry of QED [6-9] in such a way that it warrants the derivation of
the general relativistic symmetry of electron spin vorticity. In Sect. 3, the canonical
commutation relationship of the electromagnetic field of photon and the canonical
anticommutation relationship of the Dirac field of electron and positron are studied
nonpertubationally using new devices called the b-photon, f-electron, and f“-positron
algebras. In Sect. 4, we construct the ket vector with wave function for the dual Cauchy
problems of QED and conclude the concrete space—time resolved simulation of the
c-number (ﬁ (x)) for the g-number F (x). Mathematical details are summarized in
“Appendix 1” for the Minkowski spacetime and “Appendix 2” for general relativity.

2 Spin vorticity
2.1 Covariant derivative on the background Minkowski spacetime

On the background Minkowski spacetime, the Dirac equation of the Dirac spinor
operator ¥ with the covariant derivative D, of QED is given as [1]

(ihy“ﬁﬂ - mc) b =0 .1
A . q A
Dy=0,+i—A 2.2
I w byt 2.2
where m is the mass of electron, c is the speed of light in vacuum, g = —e is the charge

of electron, and A the Abelian gauge potential of photon in the Coulomb gauge. The
charge current

J*=cqyyt iy, Y=yTy° (2.3)
satisfies the conservation law .
gt = 2.4
and the kinetic momentum
5 1 A B -
=2 (1/f (lhD) b+ h.c.) 2.5)
satisfies the equation of motion [6]
Of _f 43 (2.6)
—I1 = T .
ot

In the right hand side, the force is composed of the Lorentz force L and the tension
2m
T

= dive™, 7Tk — g, zTke 2.7)
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which is the divergence of the stress tensor T '!

th =2 (¥ (-indu) b + hee.) 2.8)

The stress tensor itself is not defined uniquely since mathematically any tensor whose
divergence is zero can be added to.

2.2 Covariant derivative of general relativity

To seek for the variation principle of the equation of motion on the background curved
spacetime, the semiclassical Einstein—Hilbert action integral has been used under the
symmetry of the general coordinate transformation of gravity [1]

) . 1. 87 G
si=0, = ZL/R«/_—gd4x+—/L«/_—gd4x, k=" 9
K C C

where R is the Ricci scalar, G is the universal gravitational constant, and L is the
Lagrangian density of QED including the interaction with gravity.
The gravitational covariant derivative D, (g) is then given as [3-5]

Dy (8) = 8y + i Ay + +ine Vapu J?

. (2.10)
=Dy + i VapuJ?
with the spin angular momentum
i 7
J”bz%[ ”,yb] 2.11)
and spin connection
Ve = €avul’ e} 2.12)

Using the gravitational covariant derivative, the stress tensor of electron ! wo (8)
becomes [6,7]

N Cc /2 oA A

M@ =5 (I (<D @) ¥ +hec.) 2.13)
2.3 Spin vorticity
In this variation principle, due to the presence of the spin connection y;p,, a new

symmetry-polarized geometrical tensor &1 v appears and whose antisymmetric com-
ponent cancels with that of #11 w (&)

gAMYL ARV (g) = (2.14)
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where
gAY — % (8T — gMve) (2.15)
. 1. X
A (g) = 3 (21 (g) — 2T (g)) (2.16)

This cancellation is originated from the fact that in order to satisfy the symmetry
under the general coordinate transformation the energy-momentum tensor 7},,, should
be symmetric

A~ ~

Ty = T 2.17)

It follows that the electronic part of the energy-momentum tensor f"e,w of f,w should

be symmetric
n

’fe;w = _éw; - /AV (g) euu (2.18)
Consequently, the cancelling is mandatory.
What is the physical meaning of Eq. (2.14)? The answer is twofold as is found if
we take the limit to the Minkowski spacetime. First, for the time sector with u = 0,
v =1, 2, 3 we obtain

rots + 11 — & (12)7 (ihbo) b+ h.c.) ~0 (2.19)

[\S]

Second, for the space sector with i, v = 1, 2, 3 we obtain

83 5 3
—s—t—¢=0 2.20
o’ ¢ (2.20)

with torque # and zeta force ; Furthermore, similarly taking the 11m1t of Eq. (2.18)

to the Minkowski spacetime, it is found that half the vorticity, 5 Lrots, appears as the
component of the momentum added to the kinetic momentum

~ 5 1 a
=11+ zrots (2.21)

[see “Appendix 27, Eq. (6.22)].
Consequently, the left hand side of Eq. (2.6) should change from %I:I to

% (1:[ + %rot:?); for this purpose, we need to use Eq. (2.20), and after some manipu-
lations, we finally arrive at

0 A 3 )
—P.=L+7 (2.22)
at
28 25 aSk .
T =divt , T =9, (2.23)
1
25 = 3 (Mmwv 4 2o (2.24)

@ Springer



J Math Chem (2015) 53:1943-1965 1947

TOts , .
spin vorticity spin velocity

Fig. 1 Symmetry of the stress tensor of the Dirac field of electron and positron. Antisymmetric stress
tensor drives spin torque and zeta force through vorticity

This assures the equation of motion using solely the symmetric part of the tensor f,fe

in the right hand side. This is schematically shown in Fig. 1.

2.4 The Cauchy problem

In QED, the dynamics of 5 (x) is mediated by the electromagnetic field, and the asso-
ciated charge current Eq. (2.3) is conventionally represented as

i = (b, ) (225)

The Cauchy problem of the QED operator dynamics in the Heisenberg representation
has been elaborated elegantly by Nakanishi using ghost field in the Landau gauge [2].

Here in this paper we use the Coulomb gauge for the vector potential A(x) as

divA(x) = 0 (2.26)

with the conjugate transversal electric field
Er(x) = ———A(x) (2.27)
c

and we do not invoke the additional ghost field.

To solve for the Cauchy problem of QED, clocks at different space points are
synchronized at ¢t = #y (= 0), when canonical quantization is performed with the
definition of the vacuum ket vector |0). The f” (x) develops forward ¢ > fy with the
retarded interactions mediated by photon. The vacuum and field operators are not
defined backward r < fg (see Fig. 2).

@ Springer



1948 J Math Chem (2015) 53:1943-1965

Synchronization of clocks located at different space points at t=t0
Canonical quantization at t=t0
Definition of vacuum at t=t0

|5c'(t) - j;’(u)l charge current j*(ct, %)
u=t——m—m—

c

t=t2,8,...

ct
photon

i(a)\
Ly y(m)— / /

— _——"L
/ t=to
X event horizon

VACUUM

Fig.2 Synchronization of clocks. The charge current develops forward 1 > 7 with the retarded interactions
mediated by photon. The vacuum and field operators are not defined backward ¢ < g

The equal-time canonical quantization of the electromagnetic field leads to the
equal-time commutation relationships

[A@. Aw],_ =0 (2.28)
[Eé ), 4 (y)]xozy0 =0 (2.29)
Lorsi 3 I T Y L
— [, ET(y)]x():yO —in (n I3 (F — 5) + "9 ( e il))
(2.30)

Second, the equal-time canonical quantization of the Dirac field leads to the equal-time
anti-commutation relationships

Ve () e O, =10 @, o, =0 (2.31)
{ Lo =1

x0=y

e dp o), =88’ @5 232)
The 1@ (x) commutes with X(x)
[lﬁ (x). X(x)] =0 (2.33)

These fields should of course be renormalized in a step-by-step way, reflecting the
time-dependent minimal coupling.
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The time-development of 5 (x), or any field operator F(x) obeys the Heisenberg
equation of motion

0 A A N
i Fx) = [F(x), HQED] (2.34)
with the QED Hamiltonian ﬁQED. Note that ﬁQED is made to be independent of time

J A
— H, =0 2.35
57 HQED (2.35)

The ﬁQED is given in the Coulomb gauge using the normal order denoted as : : modulo
c-number albeit infinity if any

Hogp = / d*% : Hoep(x) : (2.36)
A o A 2 2, 2
Hbmﬁx)—;g;((ET(0) +—GmAfm) o)
—Lj)-AW) + 2 jo() Ao (x) + ¥ (x) (—ihy*a + me) r(x) x ¢
A 5. ,5()’)|y0:x0
—o0 [x —yl

In due course, for application to realistic situation in experiments of spin dynamics, we
need to set up wave function in order to discriminate numbers of electrons, positrons
and photons, and calculate

iV F (x) W) g
" (V|V) g

<ﬁ (x)> - (2.39)

where |W) ;; denotes the time-independent ket vector in the Heisenberg representation.
This is another Cauchy problem in QED (see Sect. 4).

3 New algebras
3.1 Causality and initial condition

To obtain F (x) withx# = (ct, X) at position X with time ¢ in the Minkowski spacetime,

we may collect information of j*(y) with y* = (cu, y) at distant y with the retarded
time u =t — ‘xc;y‘ satisfying causality

PMeu,$) =0, u>t (3.1)
and initial condition (see Fig. 3)

JMeu, ) =0, u<t (3.2)
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causality j*(cu,7) =0, u>t

initial condition }*(cu,7) =0, u<t,

I 55(;) -y (u)l » charge current j*(ct, %)
c

L <u=t— t=t,..
& photon
ct
' \Hﬁ /

5y

X event horizon 7

VACUUM

Fig. 3 Causality and initial condition

For this purpose, in the following discussions we may use that any function F (u)

satisfying
Fu)=0, u<ty, u>t

may be obtained at u withty <u =1t — @ < tas|[8]

F,_, s = [ du s (o — (1 - 53
‘ (uuz)zf@z—j)z)

il ft:) du’ ffooo dozF(u’)ela(

cTr

where we have used the delta function
2 1
5((W =1’ —a?) = o6 =r)=a)+5 (W =) +a)). a>0
with

T — )2 00 iaf (u'— 2_G-p?
a((u/_ty_(x‘y))zi/ (w532

c? 27 ) oo

3.2 Electromagnetic field
The vector potential A(x) should satisfy the Maxwell equation

5 4 >
UA(x) = T]T(x)
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S

ie] (u—t)’ _ﬂ_(i-j-)’]

L2 l t @ 3_,", ¢
= Ao (1. D+ —— [ ,.,d“LdaId iz (cu.3)e
'—hseparat/on of variables!

p— |5c' (t) -7 (u)l » vectorp?\tentia/ofphoton

A(ct, i) transversal charge current

T S

Kd N5

t=to

X
VACUUM

Fig. 4 Separation of variables for real-time simulation. Non-causal data are swept out through integration
with o

with the transversal charge current

N S 1 0 A
Jr(x) = jx) — 4—grad—Ao(X) (3.8)
T ot

Using the standard Green function, we have [1]

(%) = Aradiation(x) + ZA(x> (3.9)

zA(ct,)?): / du/ d3 JT(CM y)8(u—(;_|x_y|))
X — ¥l
uy?— G2
B /du/ da/ & irleu. 5)e ((t 2 ) (3.10)

>

where Aradjation (x) denotes the radiation vector potential. It should be noted that we
have used Eq. (3.4) using the causality and initial condition and then obtained the

retarded potential A A (x) with separation of space—time variables (see Fig. 4).

The Aradiation (x) is given by the aradiation-photon field

e 5 st

Aradiation (X) = @radiation (X) + Apydiation (*) (3.11)

N Varh?e ©  Bp - - ..

Aradiation (X) = \/:3 Z / O—aradiation (p, o) e "1 Pradiaiion e (p,o)
@mh) o=+1"7% vV 2pradiation

(3.12)
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with the usual dispersion relationship of spectrum

M Vsadiati
0 - 0 radiation -
p gdiation = (pradiation’ p ) > Pradiation = - = |p| (3.13)
and the polarization vector é(p, o)
ﬁ'g(ﬁ, 0)=0 (3.14)
. . . -
> (porel (5o) = -t + LL (3.15)
o==%1 —1pl
3
> e (p.o)e” (p.0) = boor (3.16)

Note the usual commutation algebra of the a@radiation-photon field

N - ~ - A - At o
[aradiation (P, o), dradiation (q’ OJ)] = [aradiation (p,0), @radiation (q’ U,)] =0
(3.17)
|aradation (5. 0+ Gfygion (@- ') | = 85076" (5—= @) (3.18)

The generic solution may be given by using the b-photon field defined as follows

Ao = B0+ 5 @) (3.19)

N 4nh2

bx) = S / / bv. o) e e, o) P
V(27Th o=+1 \/2P ( 1P

(3.20)

By using the integral form of the current

S ] o0 o0
> __ 1 J / e
Jr(x) \/W/O v = D

N ot . 23
X (jT (v, p)e i 2mViip/h 4 Jjr W, p) €+12””’e_lx'p/h) (3.21)

the b-photon field may be represented as

Vanh? 2
;C*D(_( m)) |p| ) > b, p,o)épo) = _JT(V p)

2
2[70 w, p ¢ h o=+1

(3.22)
Comparing Eq. (3.22) with Egs. (3.9), (3.11), and (3.19), we may observe that the

aradiation-photon fields are sticking to the b-photon field through fT (x). This sticking
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process may be called “thermalization” of the aragiation-photon fields to the b-photon
field. Note that the real positive number p° (v, | p|) in Eq. (3.20) is the counterpart of
P giation 1N Egs. (3.12) and (3.13). The p° (v, |p|) is a function of v and |p| serving
as the thermalized solution of Eq. (3.22).

The field algebra in Egs. (2.28)—(2.30) are recovered if we assume the b-photon
algebra

[I; W, p.o), b (. q. O'/):I = [137 W, p,o), bt (', 4. a/)] =0 (3.23)
[60.5.0).5"(v.G.0") | = 8658 (5= )8 (v = v (15D,) 8 (v = v (1)
(3.24)

where v (| p|);, denotes real positive frequency that depends on | p|. The b-photon field
apparently includes the dragiation-photon field in a delta-function form

b (v, p,0) D Gradiation (P> )8 (v — Vradiation) (3.25)

Then, the electromagnetic part of I:IQED (modulo c-number vacuum energy) in Egs.
(2.36) and (2.37) is given as

N 2 2 A, 2
Hoep O [d3%: & ((ET(x)) + (rotA(x)) ) :
ey [” 2
du/ dv' /
oot o0 /20 (v, [p)v/2p° V', [ BI) (3.26)
2 2 . ,
9 ((%)( JZU)+ IZl )b ..oV b (v, p.o)e i2m (v=v')t

(modulo c-number)

which part may depend on ¢ and #( although ﬁQED is independent of ¢. Moreover,
Eq. (3.26) includes the radiation part (modulo time-independent c-number vacuum
energy) given as

fd%‘* 8L( ET(x) + rotg(x))z)

A 2 > 2
D / )—é g ((ETradntmn (X)) + (rOtAradiation(X)) ) : (327)
= Z d PCpradmnon rTadiation (ﬁ :0) radiation (11 )
o=%17"%

(modulo time-independent c-number)
which is manifestly independent of ¢ as well as 7.
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3.3 The Dirac field

The ¥ (x) may be given by using the spinor Green function K (x, y) as [1]

A n 1 4 q ~ n

) = et + o [k (<LAm) ;) 62s)
inh c

(=i §+me)K (x,y) = ihs* (x — y) (3.29)

where '&free (x) denotes the free field. The I/;free (x) is given by the free efre-electron
and ej, .. -positron fields

\”free(x) = efree(x) + efrTee(x) (3.30)

> A > — M >
—— > " 8 e (5. 0) e PNy (5. o) (331)
\/(2nh)3 gzl

éfreeg (x) =

A M -
Chee, (¥) = e (P o) et nieel My (5, ) (3.32)

WZ/

with the usual dispersion relationship of spectrum

- hvy, -
Phoe = (Phees )+ Phee = =75 =V me? 157 (.33)

and the anti-commutation algebra

{efree (P, 0) , Crree (CIs )}

AT A1
Cfree (P, U) » Cfree

e
1
e
&

Cfree (p ’ U) Cfree

cf

{etree (p o), etree 6] o' } efree (p o), efree 67’ o) = oo'd (ﬁ —q)
(3.35)
The Dirac spinors u(p, o) for electron and v(p, o) for positron satisfy
(PlreeYu —me) u(p, ) =0 (3.36)
(Pl v +me) v(p, o) =0 (3.37)
. oo 1
D u(p,0)i(p,0) = =—5— (PlteeVu + mc) (3.38)
O’=i% 2pfree
. 1 "
2. V(.05 0) = 5 (PheeVn = mc) (3.39)
o= ii 2pfrm:
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W5, )y u(, o) = 55, )" v(5,0") = (Plue/ Pic) ot (3:40)
i(p,o)yv(=p, o) = 0(p, o)y u(=p,0’) =0 (3.41)

The generic solution may be given by using the f-electron and f“-positron fields
defined as follows

V(x) = f)+ FT ) (3.42)
e = (21 )3 Z/O d”/ EBf v, po)e P ug(po)e P
Th)" 1 —00
G::I:E
(3.43)

S S A . e
Z / dv/ d3ﬁch (v, [_5, a)e+’2”‘”vg(ﬁ, o_)e—lx~p/h
0 —00
(3.44)

Applying the first thermalization of the b-photon field Egs. (3.22)—(2.1), we obtain
the second thermalization of the f-electron field

/ dv/ d3qA0 v—v P — q va g,o M(CI,U)

o= il
/ dv/ ;
hv g1~
(-(=) %)
X ykJA]T(‘ (v/vé) Z f(V_V/,ﬁ_q,U) u(ﬁ_a’a)
a=i%
+ i (v, §) fFO+v.p+q 0)ulp+q, o) (3.45)
a=i%
with
. L q [ ) ) .
AO(V,P)——32 Z dv d’q
(27Th) 1 1 0 —00
o==%; 0'==%;

< (f1(v.3.0) F v+, 5+3.0)u'G uf +3d,0")

+ T (.G, 0) fT (= =v' =p =G, o) u" (G, o)v(~5 — G, )

+ 0. G.o) f(v—v.p—G.0) v G oup—G.o)

+ W, G, 0) T (—v+v, —p+G,0) UT(g,a)v(—,}JrE,,a’))
(3.46)
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and the third thermalization of the f“-positron field

/ v’ / PGA (v =V 5 —G) X, (G, 0)uG,0)

a:i%
/ / > veit (v, G) T+ v,p+4q,0)
( va + ZT) Uzzl:%
- o ~k - 2o - - - >
xv(p+G,0) + vt (v, §) fTw—v.p—G.0)v(p—Go0)| (347
a:i%

The field algebra in Egs. (2.31) and (2.32) are recovered if we assume the f-electron
and f“-positron algebras

[fo.po) f(v.a.0))={/0po. f(.a /)] as)
={Ffopo). i1 (.40} = {70 p0), FT (G0 =0

{f(V p.o), ]ﬂL V .q,0' } [f (v, 5’0)’fd (U/vg’al)} (3.49)
=858 (P—)8(v—v(UpDs)8 (v —v(ql)y)

where v (|p|) ¢ denotes real positive frequency that depends on | pl. Also, Eq. (2.33)
is recovered if we assume

[F 05,00, b (v.d.0) | = [/ 0. 5oo) .5 (v.d.0 )]
=[fT(v,ﬁ,a),l;(v’,c7,0)] [fCT(VPU) b(

)] Y (3.50)

The f-electron and f“-positron fields apparently include the efec-electron and ef, -
positron fields respectively in the delta-function forms

f @, B,0) D étee (P, 0)8 (1 — Viree) (3.51)
FEW, By 0) D &e (Pr0) 8 (V= Viree) (3.52)

Then, the Dirac part of ﬁQED (modulo c-number vacuum energy) in Egs. (2.36) and
(2.37) is given as

I:IQED ) /d35c' : 12()() (—ihykak +mc) Ux) xc:

Z/ dv/ dv/ d*pepl..

o==1
X (fT(U, P, o) f (1)/, D, U) e+i2”(‘)_‘/)l + fCT (v/’ 7, O—) fC v, p. U)e—iZJT(v—v/)t)
(modulo c-number) (3.53)
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which part may depend on ¢ and 7y although ﬁQED is independent of ¢. Moreover,
Eq. (3.53) includes the free part (modulo time-independent c-number vacuum energy)
given as

/d%‘é S (x) (—ihykak n mc) G x ¢
D) /d3£ : 1?/free(x) (_ih)’kak +mc) I/Affree(x) X c:

o
= 3 | herte (fhee (5.0 e (5. 0) + 5L (5. 0) i (5. )
o0

_ 1
o=%3

(modulo time-independent c-number) (3.54)

which is manifestly independent of ¢ as well as 7.

4 Conclusion

The wave function ® y (w1, . .., wy) in the Hilbert space of QED is equipped with the
ket vector

o
W) ror s = Z/dwl...dwN o1, ..., ON) for s PN (@1, ..., 0n)  (4.1)
N=0

in term of the Heisenberg (H ) or Schrodinger (§) representation satisfying the Heisen-
berg equation

0
ih— W)y =0 4.2
ino W) (4.2)
or the Schrédinger equation

1

8 n ~
ih=- |W)s = Homp [W)s, |¥)s = e HQEDU=I0) gy (4.3)

The w denotes the collected set of variables for expansion of the wave function using
the basis ket vectors; a primitive choice may be given with the obvious notation

1 A A
|w1:~~~,0)N)Hatt=to = —bI (w1b)~~-bI (wa)

1 . o
i f
X Nf!f (w‘/)"‘f (“’Nf)
1 Fet Fet
o il (@1,0) -+ £ (en,e ) 10 (4.4)
¢N(a)l""9a)N):¢N(a)1b7"‘1a)Nb’a)1f1""a)foa)lf(,'f"'7a)NfC)
4.5)
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N =N, ® Ny ® Nye 4.6)
W=wp Qws Q wfec 4.7
wp, wf, wpe = {v, p,o} 4.8)

For permutation P of variables

Oy (wp1,s ..., 0pN) = Py(wpy1,, ..., OPN,,
XWOPplpseees WPNys WPpclyes s OPpeNpe)  (4.9)
P=Pb®Pf®Pfc (4.10)

the wave function changes the antisymmetric (—) sign

sgn(P) @N(wpl,...,wp/v)=d>N(a)1,...,a)N) (4.11)
sgn (P) = (=) (—)Fre (4.12)

Using the primitive choice described above, the basis vectors are orthonormal
/ /
(a)l, .. a)N|a)1, ceey wM)H

/
SNbe N ] sz a)lb a)Pblb) 8b (a)Nb - a)P;,Nb)
Py

_1 P
X 5N1Mf- N/ z (=) f(Sf (anf — w/Pflf) Y (wa _ a);)fo)

1 Prc / /
X SNfchcm Z (=) /8 pe (wlfc - a’PfL-lfL-) e dpe (wac - wPfL-Nfc)
Pf('

(4.13)
with
86 (wp — @}) = 85008 (B — 1) 8 (v—v(UpDp) 8 (V' = v (|F]),) 4.14)
Sr (wf - wf) = e (‘Uf‘ - w;c) 8008 (P— D)8 (v—vBDy)
xs (v =v (7)) (4.15)

This demonstrates another Cauchy problem in QED. Namely, for an event «; starting
ats; withrg < 150 = 1,2, 3, ..., we set up the initial ket vector |V («;, t;)) y for Eq.
(4.2) but need to obtain the wave function @y (¢;, t;; w1, .. ., wy, t) developing from
tj tot with t; < t onward obeying
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d
ihECDN(ais L1, ..., 0N, 1)

o
/ / / / / /
= E /da)]~-~da)MHNM(w1,...,a)N,w1,...,a)M)dDM(oz,-,ti;w],...,wM,t)
M=0

(4.16)
using the time-independent function
Hypy (o1, ..., 0N, &), ..., 0)) = s (0], ..., oN] I:IQED }w’l,...,wﬁw)s
:H(a)l,...,a)N|I:IQED|w’1,...,w}M)H 4.17)
%HNM(a)],...,wN,w’],...,a);w)=O (4.18)
Finally, substituting this time-dependent ® v (¢, #;; w1, ..., wy, t) into Eq. (4.1), we

H (Y (@ 1) F )| W (0i.1)) g
H V(@ 0V (1) g ) _ e
to <t <t;i =1,2,3,... developing onward with x* = (ct, x) at position X with

time ¢ in using Eq. (2.39).

This concludes the way for solving the dual Cauchy problems in QED using the
new b-photon, f-electron, and f“-positron algebras. These new algebras work for
interacting particles through the first thermalization Eq. (3.22), the second Eq. (3.45),
and the third Eq. (3.47). As compared with the conventional Gell-Mann-Low rela-
tionship using covariant perturbational approach [1], this present approach paves the
way for realizing nonperturbationally space—time resolved simulation of QED.

calculate (13 e, = for each event o; starting at t; with

Acknowledgments This work was partially supported by a Grant-in-Aid for Scientific Research from
the Japan Society for the Promotion of Science (25410012).

5 Appendix 1

In this Appendix, we may first quickly review basic mathematics. The coordinate x
with the contravariant components x* and the covariant components x,, and the metric
tensor 1, = n"*¥ of the Minkowski spacetime, together with the inner product of two
4-vectors A and B written as A - B as well as the inner product of the Dirac gamma
matrices y* and a 4-vector A written as the Dirac slash /A are defined as

xHt = (xo,xk) = (xo,xl,xz,x3) = (ct,x,y,2) = (ct, 7) = (ct, X) (5.1)
'x/ul = nlLV'xv = (x07'xk) = ('x()’xla x27-x3) = (Ctv —X, —Y, _Z) = (Ctv _’_;)
= (ct, —7) (5.2)
10 0 O
Co—10 0 | o [ L=
nll.l)_ 00 _10 —77 ’ r’ npv—av - O,IL#U (5'3)
00 0 -1
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5 0 0 0 0 0 10 Y 10 d (5.4)
=~ = A0’ A 17°a. 9% a3 = PR = -, gra .
B xm 9x07 9x1’ 9x27 9x3 c ot cor’®
0 0 0 d 0 10 > 10
aﬂ =nh’ =\~ 0 S 1 T T T 2= __7_V =\ d
T B (on axl’ ox2 8x3) (c ot ) (c PP )
(5.5)
A-B=n,A"B" = A°B" — A-B, A-B = A,B, + A,B, + A.B, (5.6)
A=y A = y0A° —F.A, §A =y A+ A, + 1A, (5.7)
2 19 =32
D=a=(-2) —A, A=W (5.8)
c ot
{A,B}=AB+BA=[A,Bl,; [A Bl=AB — BA=[A, B]_ (5.9)

where the Einstein summation convention is used.

The spinor in the chiral representation chiral (x) is constructed by the undotted
spinor ¥ (x) = &4 (x) with right-handed chirality and the dotted spinor v/ (x) =
ng (x) with left-handed chirality as

o (vrY_ (&
Y = Ychiral = (m) = (no) (5.10)

1 .
o) ()

The undotted and dotted capital Latin letters run from 1 to 2 and change position by
using the antisymmetric matrix ¢ as

ta=EBeps, U ="y (5.12)
A =eMep g =nVeyp (5.13)
0 1 v (0 1

where the Einstein summation convention is used.
The Pauli matrix o with the contravariant components o* and the covariant com-
ponents o,
ot = (O’O, crk) = (O’O, ol o2, 03) = (1, Oy, Oy, O'Z) =(1,0) (5.15)
UI»L = an)GU = (GO’ Ok) = (007 01, 02, 03) = (1’ —O0x, _Uy’ _GZ) = (1’ _8)

(5.16)

(note the use of 1 as the unit matrix) are cast into the MTW (Misner—Thorne—Wheeler)
representation [10]
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] 10
AU 0 0
(00) Z(U)VBZ(Ol)Z(’
] 01
AU _ (1 _ —
@™ = (o )VB_<1())_GX
O , 0 i (5.17)
@ == (1) =
' 10
032 = (63)y, = (0 _1) =0,
Also, the Dirac gamma matrices y* and the chiral matrix ys
s =iv'y'y?y’ (5.18)

are given in the chiral representation using the MTW representation of the Pauli
matrices as

_ (o” 0 (o 0 _(10Y) s
VS_( 0 — ()Y _(0—00)_(0—1)__y o1

where the following MTW representation is found for the diagonal block

(00):% = (Go)é — 0
EZZ;E Z EZZ;g _ Zj (5.20)
(03)/; — (03)(‘; — 0.

The Clifford algebra of the Dirac gamma matrices should be

0\4 0 1
ot (R ) () e
oY)

U

6 Appendix 2

In this “Appendix 2”, we quickly review variation principle of QED with gravitation.
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6.1 Semiclassical Einstein—Hilbert gravitational action for QED

The semiclassical Einstein—Hilbert gravitational action I is added to the system
action /g and made stationary

1 =0, I=1Ig+Is 6.1)

First, for the variation §g"" of the symmetric metric tensor g'” = g"#, the Einstein
equation is derived as

Gy = Yy (6.2)
1 § 2« 1
Gy = 7 s ¢ 10 = Ruv = 38R = Guy ©
1 5 2k K
Y = ——_—g(sgj?ISZ_C_ZTMVZYW ©6.4)

In QED system, the variation principle leads to the Dirac equation of electron
(iny“el' D, (g) —me) ¥ =0 (6.5)
and the Maxwell equation of photon
V,F* = 4771]'” (6.6)
with the continuity equation of current
8uj" =0 ©.7)
In terms of the vector potential, we have the field equation
V'V, A" + REFAY — VAV, AY = 47”j” (6.8)

Let the Coulomb gauge be given as

VA =0 (6.9)
Then, we get the Laplace equation
iv. 40 0o _ 40
V'V; A + RUA = TJ (6.10)
and the d’ Alembert equation
m i i A i 0o 4m
VEV,A" + RIA" = V'VoA" = — (6.11)
C

@ Springer



J Math Chem (2015) 53:1943-1965 1963

We may further introduce the longitudinal and the transversal currents as
ji=r+ii (6.12)
in such a way that Eq. (6.11) is reduced to a separable form
—ViVyA? = 47”]'2 (6.13)
VAV, AT+ RIAY = 47”1'; (6.14)
The symmetric energy-momentum tensor

1
Tuw = =230, = Ty () = 3—8" FupFuo — guv (Lim + Le) = Ty, (6.15)

Tp,u = TEM;LV + Te;w (616)

1
TEM//.U = _ng Fuvaa - g/wLEM = TEM//.U (6.17)
Tews = =84y = Tty (8) — uvLe = Tey (6.18)

satisfies the conservation law
Vil =0 (6.19)
Also the antisymmetric angular momentum tensor
MM = TR — VT = — v (6.20)
satisfies the conservation law

9, MMt =0 6.21)

6.2 Energy-momentum tensor and spin vorticity

In the limit to non-gravitation field, the energy-momentum tensor T, is reduced to

% (M +hc) c (1:I + %rotE) c (I:I + %rotE) c (I:I + %rotE)
X y z

N s s

(1'[ + 2rots) 12 + Le —Ty —Ty,

N s s

c ( 2rots)y —Tyy —Ty, + Le —Ty,
c ( rots) —tZSx —‘L'ZSV —TZSZ + Le

6.22)
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with the mass term M. The energy-momentum tensor Tgmy. is then reduced to

H, cGy cGy cG,
cGy Oxx Oxy Oxz
cGy oyx Oyy Oy
cG; oy Ozy Ozz

Th — (6.23)

with the Poynting vector G and the Maxwell stress tensor &. The conservation law
Eq. (6.19) of energy and momentum is then reduced to
v0 9 0 230D
VT =0 — ECP + c“divP =0 (6.24)
vk 8 = . < oS
v, T =O—>EP+d1V(a—r)=0 (6.25)

(M +he)+H,

C

Pt =

S D
, I+ Erots + G (6.26)
The conservation law Eq. (6.21) of angular momentum is then reduced to
Ake 3z fny (o_2S
oM =0—>EJ+d1V(rx<a—t))=0 6.27)

1 oke TSRS U SR

-M —>J=rxl'[+r><5rots+r><G (6.28)

c

Now that the vorticity plays an important role as momentum, and it is associated
. . . . (—)A .
with antisymmetric electronic stress tensor T , we may further prove that symmetric

. (—)S . . —>S . (—)S .
electronic stress tensor T plays animportantrole as tension 7> = divt compensating
the Lorentz force L as

o (= 1 - g
— +§rots =L+ (6.29)
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